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Probing dynamic and static correlation in glass-forming supercooled liquids has been a challenge for decades
in spite of extensive research. Dynamic correlation which manifests itself as Dynamic Heterogeneity is ubiq-
uitous in a vast variety of systems starting from molecular glass-forming liquids, dense colloidal systems to
collections of cells. On the other hand mere concept of static correlation in these dense disordered systems
remain somewhat elusive and its existence is still actively debated. We propose a novel method to extract both
dynamic and static correlations using rod like particles as probe. This method can be implemented in molecu-
lar glass-forming liquids in experiments as well as in other soft matter systems including biologically relevant
systems. We also rationalize the observed log-normal like distribution of rotational decorrelation time of elon-
gated probe molecules in reported experimental studies along with a proposal of a novel methodology to extract
dynamic and static correlation lengths in experiments.
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2INTRODUCTION
Being structurally disordered, constituent particles or molecules in both the liquid and glass phases, experience variable local
environments. This can be easily ignored for high temperature liquids but for supercooled liquids it manifests itself in spatial
distribution of particle’s mobility, from nearly stuck to fairly moving. This in turn gives rise to complex behaviour in their bulk
properties like viscosity, structural relaxation time as well as diffusion constant. All of these complex dynamical behaviour is
termed in literature as Dynamical Heterogeneity (DH)[1, 2]. It has been shown that the slow and fast moving local regions
form clusters [3–5] which lead to strong spatial variation in local relaxation times of the system. These spatial variation in
local relaxation times adds up to an overall non-exponential relaxation, observed in various experimental [6] and simulation [7]
studies. Non-Gaussian behaviour with universal exponential tail [8] in the distribution of particles’ displacements or the van
Hove function (See SI for definition) is also a direct manifestation of the same dynamical heterogeneity.
On the other hand, in the supercooled regime, the relaxation time or the viscosity of the system also increases very drastically
with little decrease (increase) in temperature (density). In [9–11], it was argued that the growing dynamical heterogeneity length
scale is not causally related to the growth of the timescale or viscosity. Thus existence of yet another length scale became
necessary to rationalize the rapid growth of relaxation time and in [9] it was proposed that a static length scale also grows with
decreasing temperature. It is important to note that existence of such a static length scale is consistent with the predictions
of Random First Order Transition (RFOT) Theory [12, 13]. In [14], a new correlation function, known as Point-to-Set (PTS)
correlation function (see SI for definition), was proposed and estimated in various model glass-forming liquids to extract the static
length scale. Growth of the PTS length scale is found to be connected with growth of the relaxation time with supercooling.
Various other measures of similar static length scale are also found to be consistent with each other [15, 16]. The underlying
structural order related to PTS length scale is often referred to as “Amorphous Order”. It is now well established that there are
indeed two different length scales that grow while approaching glass transition [17, 18], although a possible mutual relation
between these two length scales remain poorly understood[19]. It is important highlight that there are lot of effort of identify
structural motifs that can be related to the growth of static length scale [20, 21]
To quantify dynamic heterogeneity, one often measures the length scales and time scales of different mobility clusters and
their variation while approaching glass transition. The dynamical heterogeneity length scale, ξD is computed in general using
[22, 23] the peak value of fluctuations of the total mobility characterized by four-point susceptibility, χ4(t) (see SI for definition)
which is often assumed to be related to ξD as χP4 ∼ ξ2−ηD with η being an unknown exponent. ξD can also be computed from
the spatial correlation in the particles’ mobility field[24–26]. Recently, in Ref. [27, 28], the non-Gaussian nature of the van
Hove function is used to probe the dynamical heterogeneity length scale very efficiently by systematically coarse-graining the
system at varying length scales. The idea is that upon coarse-graining over the length scale comparable or larger than dynamical
heterogeneity length scale, one would expect that the distribution of particle’s displacement or the van Hove function will tend to
become Gaussian. In this work we have studied dynamics of rod-like particles in supercooled liquids with varying length of the
rods to similarly probe response of the system at varying coarse-graining length scales and extract the dynamical heterogeneity
length scale. Thus, this method might become more accessible to experiments for measuring the dynamic heterogeneity length
scale in various molecular glass-forming liquids as well as in colloidal glasses.
Direct experimental measure of χ4 or displacement-displacement correlation function for molecular liquids is not possible as
one needs to spatially and temporally resolve the trajectories of all constituents particles in a system. Although similar measure-
ment can be done for colloidal or granular systems [29–33]. Thus for molecular liquids, one often measures χ4(t) indirectly as
shown in Ref. [34]. It was shown that a suitable dynamical response function χx(t) to an induced perturbation variable,‘x’, e.g.
density fluctuations in colloidal glasses or temperature fluctuation in molecular glass-forming liquids will be related to χ4(t).
One thus estimates χ4(t) by using linear response formalism and fluctuation theory, but an accurate estimate of the length scale
will still not be possible as the exponent, η is apriori unknown [35–37]. Similarly, experimental measure of growing amorphous
order is also very limited and a direct evidence of such a growing static length scale came from the measurement of fifth-order
dielectric susceptibility (χ5(t)) in supercooled glycerol and propylene [38] and via random pinning using holographic optical
tweezers [39]. The intricacy of the experimental measurement immediately tells us that an accurate measurement of growing
amorphous order is still very hard. Thus it is not very surprising that we do not have strong experimental evidence of growth
of both dynamical heterogeneity length scale as well as the static length scale of amorphous order in molecular glass-forming
liquids. An experimentally realizable proposal for possible measurements of these two important length scales will definitely be
of importance for understanding the puzzle of glass transition.
In particular, the experiments on the rotational dynamics of a single probe in the form of dye molecules[40] and nano-rods [41]
are very encouraging. In [41], the rotational correlation time (τ ) of gold nano-rods in supercooled glycerol are measured. This
time scale is found to increase with decreasing temperature. The distribution of τ is surprisingly found to be log-normal in nature
whose variance increases with decreasing temperature, indicating a possible increase in dynamic heterogeneity. Similar results
were also obtained for single dye molecule experiments in supercooled glycerol [40]. Note that nano-rods are of much larger in
size than usual dye molecules. The appearance of log-normal distribution in rotation time itself conveys the finite probability of
rod or molecule to be rotationally immobile or just vibrating for most of the time. This also implies the existence of heterogeneity
at both the length scales of gold nano-rod and of single dye molecule. Although existence of dynamical heterogeneity is evident
3from these experimental measurements, a direct measure of dynamical heterogeneity length scale is still not available. In this
work, we propose that growth of both dynamical and static length scales can be obtained using similar single molecule probe
experiments by systematically varying the length of probe molecules and studying their rotational relaxation dynamics.
Our proposed methodology is simply to study the rotational dynamics of rod-like probe molecules as done experimentally in
[40, 41] but look at the changes in dynamics as one varies the length of probe rod as schematically shown in the top left panel
of Fig:1. To quantify the heterogeneity in dynamics, we use non-normal parameter for rotational diffusion of the rods. This is
similar to the Binder cumulant or the non-Gaussian parameter usually studied in the context of studying dynamic heterogeneity
in systems with spherical particles. In Ref. [42], it has been analytically shown that the following will be the appropriate
non-normal parameters for distributions P2D(φ, t) and P3D(θ, t), where φ(t) ∈ [−pi, pi] is the polar angle in 2D system and
θ(t) ∈ [0, pi] is the azimuthal angle in 3D system (assuming the rods are initially placed along the positive x-axis in 2D (φ = 0)
and along positive z-axis (θ = 0) in 3D).
αrot,2D =
1
3
〈|uˆ(t)− uˆ0|4〉
(〈|uˆ(t)− uˆ0|2〉)2
− 1
24
〈|uˆ(t)− uˆ0|2〉 × (〈|uˆ(t)− uˆ0|2〉− 8)− 1 (1)
αrot,3D =
1
2
〈|uˆ(t)− uˆ0|4〉
(〈|uˆ(t)− uˆ0|2〉)2
+
1
6
〈|uˆ(t)− uˆ0|2〉 − 1. (2)
uˆ(t) is the orientation unit vector of rod at time ‘t’ and uˆ0 is the orientation vector at time t = 0, implying θ = cos−1(uˆ(t).uˆ0)
in 3D and φ = cos−1(uˆ(t).uˆ0) in 2D. These non-normal parameters of the distributions P2D(φ, t) and P3D(θ, t) will go to zero
if there is no heterogeneity present in the system. Thus value of this non-normal parameter would then quantify the variation in
rotational diffusion constant of the rod and hence the dynamic heterogeneity.
If the liquid is at high temperature (or low density) then one expects the non-normal parameters, αrot,2D(t, T ) or αrot,3D(t, T )
to remain zero for all rod lengths and at all times, but for supercooled liquid in the presence of dynamic heterogeneity, the non-
normal parameters will be non-zero and one can expect to see a maximum at time scale around t = τα similar to χ4(t, T ).
One also expects that peak value of the non-normal parameters (αProt,2D, α
P
rot,3D) should grow with decreasing temperature
consistent with the growth of heterogeneity in the system. It is somewhat intuitive to understand that the values of αProt,2D,
αProt,3D too will decrease with increasing rod length as the rod will now experience the collective dynamical response of the
surrounding liquid medium averaged over a volume of linear size comparable to the length of rod. Thus in principle, we will
have the measure of the heterogeneity at various length scales using which the calculation of dynamic heterogeneity length scale
should not be very difficult. Also, as Finite-Size-Scaling (FSS) of structural relaxation time τα [9] gives us static length scale
we can be hopeful to be able to obtain the same from the rotational correlation time of the rod and its distributions along with
a possible understanding of the experimentally observed log-normal distribution of rotational correlation time [40, 41] of the
probe molecules.
In this work, we have done extensive simulation of three model glass-forming liquids as discussed in detailed in the Method
section. These three models are referred in the rest of the article as 3dKA, 3dHP and 2dmKA models. The details of the
parameters of the models and the techniques used in performing Molecular Dynamics simulations in the presence of the rod-like
particles can be found in the Method section. The rest of the paper can be broadly separated into two parts. In the first part,
we discuss in detail the scaling analysis performed to extract the dynamical heterogeneity length scales from the rod length
dependence of rotational non-normal parameter both in two and three dimensional systems. Then in the second part, we discuss
First Passage time (FPT) distribution of the rod molecules in the liquid with increasing supercooling and how one can extract
the static length scale from that.
RESULTS
Non-Normal Parameters and Dynamic Heterogeneity Length
Fig. 1(b) shows the time evolution of non-normal parameter αrot,3D for 3dKA model at T = 0.50. Clearly it shows a
maximum at t ∼ τα indicating that such analysis indeed picks up the heterogeneity of the parent liquid. It can also be seen that
the value of peak goes down with increasing rod length which validates the correctness of our assumption that the dynamically
heterogeneous environment experienced by the rod particles gets averaged out with increasing length of the rod. In the inset of
Fig: 1(c) we show similar data for a given rod with decreasing temperature. This results show the increase of heterogeneity in
parent liquid at the probing length scale of the order of the rod length with decreasing temperature. Fig: 1(c) shows the variation
of αProt,3D as a function of rod length, for different temperatures for 3dKA model. Results are very similar for other models as
shown in SI.
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FIG. 1. (a) Schematic representation of rod particles in the supercooled liquid medium. (b) Evolution of Non-Normal parameter (αrot,3D(t))
for different size of the rod in 3dKA supercooled liquid model at temperature T = 0.50. Inset of (c) Evolution of Non-Normal parameter
(αrot,3D(t)) for rods of length Lrod = 2.5 in the same supercooled liquid model at different temperatures. (c) Variation in peak value of
Non-Normal parameter αP3D,rot with length of the rod in 3dKA system at different supercooling temperatures. Bottom panels: Collapse of
non-normal parameter obtained by scaling the rod length with appropriate correlation length scale ξrod for all three systems (3dKA, 3dHP and
2dMKA from (d) to (f)). In the insets of these plots, the scaling length scale is compared with the dynamic length scale of the parent liquid
obtained by other conventional methods [28] (see text for details). Both the length scales are found to be in good agreement with each other.
The dynamic heterogeneity as probed by the rod decreases with increasing rod length, one can expect that the behaviour
changes when the rod length is comparable to the dynamic heterogeneity length scale, ξD at the studied temperature. Thus
one can attempt to do a scaling plot of the non-normal parameters for different lengths of the rod and temperatures using the
dynamical heterogeneity length scale. If the physics is governed by the dynamical heterogeneity length scale then one would
expect a master plot when αProt,3D or α
P
rot,2D is plotted as a function of Lrod/ξD(T ), where Lrod is the length of the rod. Fig. 1
(bottom panel) show the master curves for 3dKA, 3dHP and 2dMKA model (left to right). Length scale, ξrod(T ) is obtained
by demanding the best data collapse. In the insets of Fig. 1 (bottom panel), ξrod is plotted along with the dynamic length scale,
ξD obtained by other conventional methods [10, 11]. The collapse obtained for all of the models are observed to be good along
with the fact that the length scale obtained using this scaling analysis matches very well with the dynamic heterogeneity length
scale obtained using other methods. The ξD data reported in this article is taken from Ref.[28]. This gives us the confidence that
rod-like probe molecules can indeed be a good probe of the dynamical heterogeneity in glass forming liquids. Thus it is needless
to mention that the proposed method can be easily realized in experiments in the light of the already existing experimental
results [40, 41]. Only a systematic variation of the probe molecules is required to obtained the coveted length scale in molecular
glass-formers.
First Passage Time Distribution and Static Length Scale
We now focus our attention on the decorrelation time of these rod-like particles immersed in a supercooled liquids with
different amount of supercooling as done experimentally in Refs. [40, 41]. In these experimental studies, it was found that the
5distribution of decorrelation time is log-normal in nature and the width of the distribution increases with decreasing temperature.
To understand this experimental observation, we looked at the decorrelation time of our rod-like particles in the supercooled
liquid medium at different temperatures and one indeed finds that the distribution is close to log-normal at least within the error
bar of the simulation data. To gain further insight, we look at the statistics of “First Passage Time (FPT)” distribution of these
rod-like particles. First Passage distribution F (t, φc) in 2D is defined as the probability of rod crossing the angle φ = φc at a
time t for the first time. If we unfold the φ-coordinate such that φ ∈ (−∞ +∞), then this distribution is same as that of well
known FPT distribution of the one dimensional Brownian particle i.e F (t, xc) = xc√4piDt3 e
−x2c/4Dt. But the quantity of interest
here would be the distribution of decorrelation time i.e F (t,±φc). This F (t,±φc) is exactly the distribution of time taken for
a one dimensional Brownian particle to leave the bounded region [−φc,+φc] while starting from φ = 0. In SI, we have shown
the FPT distribution of such a Brownian rod. Next we compute such distribution of FPT of rod in liquid medium in both two
dimensions(2D) and three dimensions (3D).
For Brownian motion of rod in 2D, one can easily verify that
Pc(φ, t) = 1
φc
∞∑
n=0
cos
(
(2n+ 1)piφ
2φc
)
e
− (2n+1)2pi2
4φ2c
Dt
(3)
satisfies the diffusion equation (see Eq:SI-7) with two absorbing boundaries at φ = ±φc. In this solution each eigenstate
decays exponentially in time with decay rate (2n+1)
2pi2
4φ2c
, thus only n = 0 eigenstate would contribute to the survival probability
(probability that particle is not yet absorbed) at large times, implying,
S(t) ∝ e−
Dpi2
4φ2c
t
= e−t/τ . (4)
Thus the first passage time which can be obtained from survival probability via differentiation will also be exponential at long
time. The exponential fit to the large time part of the distribution of FPT of the Brownian rod is found to be very good as shown
in SI. Also one can obtain following solution for Pc(φ, t) by the method of images,
Pc(φ, t) = 1√
4piDt
∞∑
n=−∞
(−1)ne− (φ+2nφc)
2
4Dt (5)
Note that the two solutions, Eq.3 and Eq.5 are same but represented via two different series. Readers are encouraged to read
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FIG. 2. Left panel: Distribution of first passage times for rods of various lengths scaled by moment of Inertia (I(Lrod) in 2dMKA system
at temperature T = 1.5 (high temperature) with one absorbing boundary at φ = φc. Note, for this calculation we have use unbounded
coordinates, i.e φ ∈ [−∞,+∞]. Right panel: Distribution of first passage times for rods of various lengths scaled by moment of Inertia,
I(Lrod) in 2dMKA system at temperature T = 1.5 (high temperature) with two absorbing boundaries at φ = ±φc. The bold line is the fitting
to Eq.8.
Ref.[43] for details. In the limit of small time, only n = 0 term would contribute which would lead us to following expression
6of survival probability at small times.
S(t→ 0) ∝
√
4piDt√
4piDt
erf
(
φc
√
4Dt
)
. (6)
On differentiating this survival probability with a negative sign would give us first passage time distribution to be,
F (t→ 0,±φc) ∝ φc√
4piDt3
e−x
2
c/4Dt (7)
Thus the approximate closed form for the distribution, F (t,±φc) of rod and the exact series solution followed from Eq:3 are
given by the following expressions
F (t,±φc) ∝ t−βe−α/te−t/τ (8)
F (t,±φc) = piD
φ2c
∞∑
n=0
(−1)n(2n+ 1)e−
(2n+1)2pi2Dt
(4φ2c) (9)
With this exact solution we can obtain the mean first passage time to be 〈t〉 = φ2c/2D. If we introduce a new variable y =
log(Dt) where t is the first passage time then, the distribution P (y) would be independent of D, hence independent of rod
length and temperature. This also implies that diffusion constant D would only change the mean of P (y = log(t)) and not
the shape of distribution for spatially homogeneous diffusion as is the case in pure Brownian motion or in high temperatures
liquid state. As shown in SI rod length dependence of diffusion constant goes as D(Lrod) ∼ 1/I(Lrod) with I(Lrod) being
the moment of inertia of the rod. So, similarly P (y) with y = log[t/I(Lrod)] would be independent of rod length. So we
can subtract out this obvious rod length scaling in order to understand the effect of supercooled liquid environment on the FPT
distributions at various length scales.
The functional fit using Eq.8 for the FPT distribution of the Brownian rod with two absorbing boundaries and exact solution
Eq: 9 is found to be very good as shown in SI and the value of exponent β comes out to be β = −0.5 for 2D and β = −1.0 for
3D (3D case is discussed later) along with exponential decay. In Fig. 2, the distributions of first passage time of rods scaled with
their moment of inertia (I(Lrod)) are shown. Left panel shows the distribution if one considers only one absorbing boundary at
φ = φc where φ ∈ [−∞,+∞] and the right panel shows F (t,±φc) for two absorbing boundaries. These results are obtained
by simulating rods of various lengths in 2dmKA system at high temperature T = 1.5. Long time behaviour in Fig:2 left panel
fits very well with t−3/2 as expected, while the fitting of Eq.8 in right panel of Fig. 2 is also found to be very good.
Unlike in 2D case, the first passage distribution in 3D is not analytically calculable. So we have solved it numerically (see SI
for details). F (t, θc) in 3D is defined as the probability that rod crosses the angle θ = cos−1(uˆ(t)uˆ(0)) = θc at time t for the
first time. So basically we need to solve for density Pc(θ, φ, t) in the 3D rotational diffusion equation for a rod with absorbing
cone at θ = θc, from there one gets the survival probability and eventually the first passage distribution (See SI for detailed
discussion). The first passage distribution decays exponentially for 3D case as well, thus Eq 8 will describe the first passage
distribution of rod in 3D. Fig. 3 (a) & (b) are the unscaled and scaled first passage distributions of rods immersed in 3dKA model
system at temperature T = 2.0 (high temperature). One sees similar results for 3dHP model as well.
Effect of Supercooling on FPT distribution: Still now we have looked at the FPT distributions for rods in 2D as well as in 3D
systems at relatively high temperature where effect of supercooling can be ignored. If we now look at low temperature regime,
we find distributions to develop shoulders at smaller time as shown in bottom panels of Fig.3. These are the scaled distributions
of log of first passage times for rods in 3dKA system at T = 1.0 and T = 0.5 temperatures respectively. It is interesting to
see that they broaden at small time regime for shorter rods and eventually converge to same asymptotic distribution for larger
rods. These results can be rationalized if one assumes that the whole system is made of many domains of different mobilities
as envisaged by RFOT theory as “mosaic” picture of supercooled liquid state. Since a smaller size rod can partially fit in one or
two such patches it can have larger instantaneous torques and thus faster diffusion. On contrary, a larger rod would be in many
such patches thus would show the bulk like homogeneous behaviour. Skewness of the distribution, P (log(t),±φc) can then be
a good measure of this local order at a length scale comparable to the size of the probe rod. Thus by measuring the skewness of
the distribution of FPT for various lengths of the rod at different temperatures, one would be able to extract the length scale of
amorphous order by performing systematic scaling analysis.
In top panels of Fig.4, we have shown the negative of skewness (χFPT ) of the distribution shown in Fig.3 for 3dKA (top
left), 3dHP (top middle) and 2dmKA (top right) models respectively. We have done the scaling collapse of the data to obtain
the underlying length scale. We just scaled the x axis by a suitable choice of the length scale and plotted the dataas a function
of Lrod/ξSrod(T ). The data collapse obtainedis reasonably good and the corresponding length scale is plotted in the insets along
with the static length scale obtained using other conventional methods like Point-to-Set (PTS) method and finite size scaling
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FIG. 3. Top panels: Distribution of unscaled (left) and scaled (right) first passage times (scaled with moment of inertia) for rods of various
lengths in 3dKA system at temperature T = 2.0 (high temperature) with absorbing boundary at θc = pi/8. Bottom panels: Distribution
of scaled first passage times (scaled with moment of inertia) for rods of various lengths in 3dKA system at temperature T = 1.0 (left) and
T = 0.5 (right) (low temperatures) with absorbing boundary at θc = pi/8. Solid lines in these figures are fit to the Eq.8.
(FSS) of α-relaxation time of the systems[44]. Near perfect match of the temperature dependence of ξsrod with that of PTS
length scale, suggests that first passage time distribution of the rod indeed captures the static length scale in the system.
Existing Experimental Results: After understanding the underlying relationship between skewness of the distribution of first
passage time or the rotational relaxation time of the rods with the static correlation length of the host supercooled liquid medium,
we turn our attention to reanalyze the existing experimental results reported in Ref.[40]. In right panel of Fig.5we show the
rescaled distribution of rotation relaxation time, τ of the probe dye molecule in supercooled glycerol, scaled by the time at
which the peak appears. The distribution clearly shows that with increasing supercooling P [log(τ/τR)] starts to show shoulder
as seen in simulation results for small or intermediate size rod length at low temperatures as shown in the right panel of the
same figure. In the inset of the left panel, we show the calculated skewness from experimental data, χFPT which seems to
decrease very systematically with increasing temperature in complete agreement with our simulation results (see the inset of
right panel). This also confirms the growth of amorphous order in supercooled glycerol as suggested in Ref.[38]. In the right
panel figure, we show how the distribution of first passage time changes with temperature for a rod length of 2.8 in 3dKA
model. The distributions are scaled by τ(T ), the time at which the peak of the distribution appears at that temperature. This
simple rescaling collapses the large time part of the distribution completely across different temperatures, only smaller timescale
part of the distribution shows gradual growth of a shoulder with decreasing temperature. The inset shows the skewness of the
distributions. The striking similarity between experimental data and simulation data are indeed very encouraging. If one does
similar analysis of the experimental data of rotational correlation time of gold nanorod in supercooled glycerol from Ref.[41],
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FIG. 4. Top panel: Variation in negative of skewness (χFPT ) of distribution P (log(t)) with rod length where t is first passage time of rod
immersed in a liquid modelled by 3dKA (left), 3dHP (center) and 2dMKA (right) systems at various supercooling temperatures. Increase in
skewness (building up of shoulder in small time regime) with decreasing rod length and increasing supercooling can be clearly seen, which
suggests the increase in strength of structural order at length scale of rod. Bottom panel: Scaling collapse of χFPT obtained by scaling
rod length with appropriate system length scale ξSrod(T ) to obtain a master curve for 3dKA (left), 3dHP (center) and 2dMKA (right) model
systems. The comparison of this obtained length scale is done with static length scale ξS obtained with traditional methods like PTS and
Finite-Size-Scaling (FSS) of τα in the respective insets (data taken from Ref: [44]).
then one sees very little change in the skewness of the distribution (see SI). This is also in good agreement with our results as
it suggests that for larger size probe molecules (gold nanorod is much larger than dye molecule) the skewness will be smaller.
In bottom panel, we show the dependence of skewness, χFPT for all the model systems at different length of the rod as well
as at different temperatures. χFPT plotted as a function of ξSrod/Lrod seems to show a power law relation at large value of the
argument. χ∞FPT is the skewness of the FPT distribution for large rod lengths. It is close to zero for almost all the temperatures.
The exponent (γ) of the power law turns out to be not universal across different models. So we plotted the data as a function of
(ξSrod/Lrod)
γ to collapse all the data in one master curve. The collapse and the power law seems reasonably good, suggesting
that χFPT ∼ (ξSrod)γ is probably robust across different systems. The value of the exponent γ is 1.5 for both 3dKA and 2dmKA
model and 3.0 for 3dHP model. A detailed understanding of this relation and the value of the exponent is lacking at this moment.
Thus if one can extract the exponent, γ for supercooled glycerol, then one might be able to even directly compute the growth
of the static length scale without performing the scaling analysis. Nevertheless, this scaling relation does suggest that skewness
of the FPT distribution is a direct measure of static correlation in supercooled liquids. Although at this moment, we are not
able to estimate the growth of amorphous order in supercooled glycerol due to lack of experimental data at different length of
the probe molecules in supercooled glycerol, but we have clearly demonstrated the generality and the strength of the proposed
methodology for measuring the growth of static correlation in experimentally studied glass-forming liquids.
CONCLUSIONS
To conclude, we have studied the dynamics of rod-like particles in supercooled liquid medium with varying lengths of the
rods. We showed that rotational motions of the rod start to show non-normal behaviour once the host medium is in supercooled
regime. By analyzing the variation of non-normal measure with increasing rod length at timescales equal to the α-relaxation
time of the supercooled liquid, we are able to obtain the dynamic heterogeneity length scale of the liquid at that instance of
time. We then showed that the distribution of the relaxation time or the first passage time of the rod in our simulation studies are
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FIG. 5. Top Left panel: Distribution of correlation time of Dye molecules in supercooled glycerol for four different temperatures. Data
is taken from Ref.[40]. The distribution is rescaled by the mean correlation time. Note the clear signature of short time shoulder in the
distribution at lower temperatures. Inset shows the skewness of the distributions.Top Right panel: Distribution of first passage time for a rod
of length 2.8embedded in 3dKA model for various temperatures. These distributions alsoshow the development of shoulder (excess wing) in
the distribution at lower temperatures. The dashed line in through the data points is the best fit to Eq.8. The inset shows the skewness of the
distribution. The similarity between experimental data and simulation results are very striking. Bottom panel: Shows the skewness, χFPT for
all the three model systems plotted as (ξSrod/Lrod)
γ with γ = 1.5 for 3dKA and 2dmKA models and γ = 3.0 for 3dHP model respectively.
The nice scaling collapse suggests that χFPT ∼ (ξSrod)γ for a given rod length at large value of ξSrod. See discussion in the text.
in complete agreement with experimental results obtained using gold nano-rods and other elongated rod- like dye molecules in
supercooled glycerol. Our complete statistical analysis of the first passage time distribution of the rod shows that the problem
can be exactly mapped into a Brownian motion of the rod with two absorbing boundary conditions. The asymptotic form of the
distribution obtained from the exact results for a Brownian particle with two absorbing boundary condition shows remarkable
match with the obtained distribution of the first passage time from simulations for all the studied glass-forming model liquids.
Our results thus also establish that the distribution of rotational relaxation time in experiments is not log-normal rather has
a completely different form which can be analytically obtained by solving the equation of motion of Brownian rod with two
absorbing boundary conditions. In the experimental works it was claimed that increasing width of the relaxation time of the rod
is a direct indicator of the growing dynamic heterogeneity in the system, but it was not clear how to obtained the underlying
length scale from these results. Our results suggest that to quantitatively obtain the dynamic heterogeneity length scale and the
static length scale, one needs to extend these experimental studies by systematically changing the length of probe molecules.
Thus we think that dynamics of rod-like probe molecule in supercooled liquid is an interesting and novel way to extract various
length scales of importance in glass-forming liquids and the method is clearly accessible for experimentally relevant glass
forming liquids. We thus hope that our study will encourage experimentalists to extend their single molecule probe experiments
in supercooled liquids to extract the dynamical heterogeneity length and the static length in these systems.
10
METHOD SECTION
We have done NPT simulations for all of the three models studied. We refer these models as: 3dKA Model, 3dHP Model
and 2dmKA Model respectively. Details of these models can be found in the SI. 3dKA model is the well-known 80:20 binary
mixture of A and B type interacting via Lennard-Jones pairwise potential[45]. 3dHP model [46] is a bridge between the finite-
temperature glasses and hard-sphere glasses and is usually studied in context of jamming. It is a 50:50 binary mixture of soft
spheres with diameter ratio 1.4 and interacting via harmonic pair potential. 2dmKA model [47] is a modified version of 3dKA
model in two dimensions. It is 65:35 binary mixture. The temperature and pressure in the simulation is controlled by Brendsen
thermostat and barostat [48]. A different thermostat does not change the results qualitatively.
In all of the glass formers mentioned above we have added few (two in 3dKA and one in 3dHP, 2dmKA ) rigid rods made
up of variable number of spheres N , each separated by a fixed distance from the other by a distance of 0.3σAA, where σAA is
the diameter of the largest particle type (A) for 3dKA and 2dmKA models. For 3dHP model we used 0.42σAA. Each of the
sphere in a rod have same mass and interacts via same potential as particles in the host liquid. The rod length is defined as
L = 0.3 ∗ (N − 1) + 1.0 for 3dKA and 2dmKA models and L = 0.42 ∗ (N − 1) + 1.0 for 3dHP model. See SI for further
details. Equation of motion for translational dynamics of spheres and center of mass (COM) of rods is integrated by usual
Leap-Frog integrator. The dynamics of rod’s orientation vector (uˆ) is also integrated by the same integrator but strictly following
the methods illustrated in [48, 49].
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2I. DEFINITIONS/METHODS
A. van Hove Function
The van Hove Function is defined as probability density of finding a particle ‘i’ in the vicinity of r at time t, knowing that
particle ‘j’ was in the vicinity of origin at time t = 0.
G(r, t) =
1
N
〈
N∑
i=1
N∑
j=1
δ (r− (ri(t)− rj(0))
〉
(1)
The van Hove Function is usually decomposed into self part, Gs(r, t) and distinct part, Gd(r, t). Self part is defined as the
probability density of finding particle ‘i’ in the vicinity of r at time t, while knowing that it was in vicinity of origin at time
t = 0.
Gs(r, t) =
1
N
〈
N∑
i=1
δ (r− (ri(t)− ri(0))
〉
(2)
Distinct part of van Hove function is defined by considering different i and j particles in Eq:1. Self part can also be thought as
fraction of particles reaching in the vicinity of r at time ‘t’ while all starting form origin (displacement distribution function). If
particles follow normal diffusive dynamics in isotropic medium then in the limit of large time and displacement self part of van
Hove function is given by
Gs(r, t)
t,r→∞−−−−→ 1
(4piDt)3/2
exp
(
− r
2
4Dt
)
(3)
This expression is true for a Brownian particle in homogeneous medium at all times. Thus Non-Gaussianity of self part of van
Hove function is a good measure for heterogeneity in the system at different times, where heterogeneity is meant by spatial vari-
ation of diffusion constant. Thus, non-Gaussian parameter, α2(t) becomes the obvious choice to measure dynamic heterogeneity
in a disordered system.
α2(t) = 1−
〈|r|4〉
3 〈|r|2〉2 (4)
B. Four-Point Susceptibility χ4(t)
Four-Point Susceptibility [1, 2] is calculated as the variance or fluctuation of two point density correlation function or the
overlap function Q(t). Overlap function gives the measure of overlap between two configuration separated by time interval ‘t’
and is defined as follows:
Q(t) =
N∑
i=1
θ (a− |ri(t)− ri(0)|) (5)
where θ(x) is the usual step function and value of a is chosen to ignore the decorrelation that might happen due to vibrational
motion of particles in their cages. Thus the variance of overlap function (χ4(t)) at time t will be the measure of fluctuation in
relaxation in the system at that particular time due to dynamic heterogeneity. It is defined as
χ4(t) =
1
N
[〈
Q2(t)
〉− 〈Q(t)〉2] (6)
Structural relaxation time τα is also defined in terms of overlap function, it is the time when average value of overlap function
reduces to 1/e i.e. 〈Q(τα)〉 = 1/e. Note that the temperature dependence of τα doesn’t depend on the chosen value of a.
C. Point-to-Set Method
The existence of Mosaic state and a static length scale is proposed in RFOT theory. It is theoretically proposed that the static
length scale can be measured using a special correlation function, termed as the Point-to-Set (PTS) correlation function [3].
3The length scale obtained form the analysis of PTS correlation function is generally called PTS length scale. A full theoretical
consideration can be found in reference [3]. PTS length scale (ξPTS) is calculated by taking a well equilibrated configuration
of the system and then freezing all the particles outside a region C of linear dimension ξ as a boundary condition. The particles
inside C are then relaxed and overlap with the initial configuration is calculated. For small enough ξ overlap should be perfect
implying that the particles inside are restricted to the same equilibrium state. With increasing ξ this overlap would vanish since
particles inside would now explore more metastable states. The largest linear length scale ξ = ξPTS to which volume of particles
can be restricted to same metastable minimum is known as PTS length scale. Physically, it implies that mosaic of this linear
dimension can survive in particular metastable state, and thus whole system can be thought of as divided into such mosaics of
metastable states. The length scale obtained in this way is same as static length scale obtained by finite size scaling of τα and
from minimum eigenvalue of Hessian matrix [4].
II. ROTATIONAL DYNAMICS OF ROD LIKE PARTICLES IN LIQUID
Two dimensional (2D) case: Rotational dynamics of rod in 2D is described by rotational diffusion equation for distribution
density ρ(φ, t),
∂ρ(φ, t)
∂t
= D
∂2
∂φ2
ρ(φ, t) (7)
where, φ ∈ [−pi, pi] is the polar angle with which rod is inclined to x- axis and D is the rotational diffusion coefficient. With
appropriate boundary condition and rod along x-axis as a initial condition, one can obtain the following solution,
ρ(φ, t) =
1
2pi
+
1
pi
∞∑
m=1
cos(mφ)e−m
2Dt. (8)
The distribution density ρ(φ, t) is the self part of rotational van Hove function (Eq:2) for Brownian rods in homogeneous medium
and with this solution the rotational mean square displacement (RMSD) and the non-normal parameter for rod dynamics can be
calculated. Note that 〈cosφ〉 = e−Dt and 〈cos2φ〉 = e−4Dt so the RMSD would be,
RMSD(t) =
〈|uˆ(t)− uˆ(0)|2〉 = 2(1− 〈cosφ〉) (9)
= 2(1− e−Dt) (10)
where uˆ(t) is the orientation vector of rod at time t. This expression for RMSD (Eq:10) can be used to fit simulation results to
extract the value of rotational diffusion constant of rod. Next, in the spirit of finding the non-normal parameter for rotational
distribution density of rods just like binder cumulant, Jain et. al. [5] shows that αrot,2D(t) (Eq:11) is zero for P (φ, t) which can
be verified by just using the above averaged values.
αrot,2D =
1
3
〈|uˆ(t)− uˆ0|4〉
(〈|uˆ(t)− uˆ0|2〉)2
− 1
24
〈|uˆ(t)− uˆ0|2〉
× (〈|uˆ(t)− uˆ0|2〉− 8)− 1 (11)
Non-zero value of this parameter at time t would signify the fluctuation in rotational diffusion constant at that time. Thus we
have used this parameter in main text to quantify dynamic heterogeneity at the length scale of rod.
Three dimensional (3D) case: The rotational diffusion equation in three dimensions reads out,
∂ρ(θ, φ, t)
∂t
= −DR2ρ(θ, φ, t) (12)
where θ ∈ [0, pi], φ ∈ [0, 2pi] is azimuthal angle and polar angle subtended by the rod and D is diffusion constant. The rotational
operatorR2 is defined as
R2 = −
{
1
sinθ
∂
∂θ
(
sinθ
∂
∂θ
)
+
1
sin2θ
∂2
∂φ2
}
(13)
Solution to this equation with relevant boundary conditions can be obtained by introducing the spherical harmonics with the
initial condition of rod to be along +ve z-axis, we can integrate out φ to get the solution,
ρ(θ, t) =
∞∑
n=0
2n+ 1
2
Pn(cos(θ))e
−n(n+1)Dt (14)
4where Pn(cos(θ)) is the Legendre polynomial of degree n. The average of any function A(θ) can be calculated as
〈A(θ)〉 =
∫ pi
0
dθsinθA(θ)ρ(θ, t). (15)
Like in 2D, 〈cosθ〉 and 〈cos2θ〉 can be calculated easily and they are e−2Dt and 13 (4e−6Dt − 1) respectively. So the rotational
mean square displacement and the non-normal parameter[5] in 3D turn out to be,〈|uˆ(t)− uˆ(0)|2〉 = 2(1− 〈cosθ〉) = 2(1− e−2Dt) (16)
αrot,3D =
1
2
〈|uˆ(t)− uˆ0|4〉
(〈|uˆ(t)− uˆ0|2〉)2
+
1
6
〈|uˆ(t)− uˆ0|2〉 − 1 (17)
III. ROTATIONAL MEAN SQUARED DISPLACEMENT(RMSD)
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FIG. 1. Top panel: Time evolution of RMSD for rod of length L = 2.5 (N = 6 beads) immersed in 2dMKA (left) and 3dKA (right) model
systems at various temperatures. Bottom panel: Time evolution of RMSD for rod of different lengths immersed in 2dMKA (left) and 3dKA
(right) model systems at T = 0.5 temperature. Dotted lines in the plots 2dMKA model (left) are RMSD plots in the unfolded coordinates
5RMSD for orientation vector of rod (uˆ) is simply given by,
RMSD = 〈|uˆ(t)− uˆ0|2〉 = 2(1− 〈uˆ(t).uˆ0〉) (18)
where uˆ(t) is the orientation vector of rod at time ‘t’, uˆ0 is the initial orientation vector and angular bracket is for ensemble
average. Fig:1 (top panel) is the time evolution plot of RMSD of rod ( fixed length ) immersed in 2dMKA (left) and 3dKA (right)
model at different temperatures. In the left panel we have also plotted the RMSD in unfolded coordinates φ ∈ (−∞,∞)(dotted
lines). One can clearly distinguish the ballistic, caging and diffusive regions and try to obtain rotational diffusion constant by
fitting the diffusive region with exact expression Eq:10 & Eq:16 for 2D and 3D model respectively. The complete analysis of
rotational diffusion constant is done later in this document. Similarly, Fig:1 (bottom panel) is RMSD evolution plot for rods of
various lengths immersed in 2dMKA model (left) and 3dKA model (right) both kept at temperature T = 0.50. Plots for 3dHP
model are similar and are not shown in this document.
Next we ask about the possible scaling function B(Lrod) of RMSD evolution plots with rod length in RMSD(Lrod, T, t) =
A(T )B(Lrod)C(t). It turns out that in the ballistic and caging regime, RMSD for rods can be scaled by inverse of moment of
inertia of rod i.e. B(Lrod) = (I(Lrod))−1 (see Fig: 3) and in the diffusive regime, the rotational diffusion constant Dr(T, Lrod)
also falls as 1/I(Lrod) with rod length. Below we give details of these scaling analysis.
A. Scaling of Ballistic region
Since ballistic region refers to small time region in which the rods are not undergoing any collision with other rods, implying
the rotational displacement to be
∆θ = ω∆t (19)
where ω is the angular velocity of rod at initial time. So averaged RMSD would be,〈
∆θ2
〉
=
〈
ω2
〉
∆t2 (20)
which gives us rotational drift coefficient Ddriftrot =
〈
ω2
〉
. Invoking equipartition theorem i.e.
〈
ω2
〉
= fKbT/I we get,
Ddriftrot =
fKbT
I(Lrod)
(21)
where f is the rotational degrees of freedom, one in 2D and two in 3D. This argument completely explains the observed scaling
in the ballistic regime.
B. Scaling of Caged region
Caged region refers to the time region during which the system particles exhibits vibrational motion. The caging RMSD value〈
∆θ2
〉
c
is half of the vibration amplitude. Now if we assume each small portion (dx) of rod feel harmonic force with same
spring constant k from medium during this time interval, then we can imagine a picture like Fig:2. In this Figure, FT (x) is the
transverse force acting on rod element dx at distance x from center of mass of rod. If θ is the angular displacement at any time
t, then transverse force on the rod element would be, FT (x) = −kxθcos θ2 and net torque on rod would be,
τ = Iθ¨ = 2
∫ L/2
0
x′FT (x′)dx′
= −k
(
2
∫ L/2
0
x′2dx′
)
θ cos
θ
2
= −kI
ρ
θ cos
θ
2
(22)
where ρ is the mass density of rod. Since caging θ is going to be small thus on expanding the cosine term and keeping upto θ2
terms we get,
θ¨ = −k
ρ
θ +O(θ3) ≈ −k′θ (23)
6FIG. 2. Effective interaction picture of rod in caging regime.
where k′ is now independent of rod length. This is the equation of simple harmonic motion (SHM) with solution θ(t) =
θ0sin(
√
k′t) thus,
〈
θ2
〉
=
〈
θ20
〉
/2. Also, the rotational mean squared velocity would be,
〈
θ˙2
〉
= k′
〈
θ20
〉
2
and on using equipartition theorem we get,
〈
θ2
〉
=
〈
θ˙2
〉
k′
∼ fKbT
I(Lrod)
. Since we are modeling rods in a medium at constant pressure so as to maintain the same particle density at different tempera-
tures, the time at which RMSD changes from ballistic to caging region should be independent of temperature. So, it is evident
that one can get the master curve in ballistic and caging region for all temperatures if we scale the RMSD with I(Lrod)/T , Fig:3
(right) is the master curve, where color code is for different rod lengths and different symbols are for different temperatures.
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FIG. 3. Left panel: RMSD evolution plot scaled by 1/I(Lrod) for rods of different length in 3dKA model liquid to get a collapse in ballistic
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7C. Diffusive regime
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different temperatures. Solid lines in the plot are L−3 fit while symbols are actual values of DR(L) for rod of length L.
The Rotational diffusion constant can be calculated in the simulations by comparing the ensemble averaged value of
( ˆu(t). ˆu(0)) with the exact expressions i.e. e−Dt for 2D and e−2Dt for 3D. Rod length dependence can also be obtained
theoretically by considering the Langevin equation of motion for rods embedded in assembly of spheres. This will be a valid
approximation for large rods. The Langevin equation reads out,
I
d2θ(t)
dt2
= −ζ(Lrod)dθ(t)
dt
+ τ(t) (24)
where θ = cos−1(uˆ(t).uˆ0), ζθ˙ is the frictional torque and τ(t) is the rapidly fluctuating torque with 〈τ(t)τ(t′)〉 = 2ζKbTδ(t−
t′). For large enough rods, the usual assumptions like θ independence of τ(t) and the large difference in the timescales of
fluctuations in θ(t) and τ(t) are valid. So, on doing the standard calculation to obtain the rotational mean squared displacement
one would get following expression for rotational diffusion constant,
D(L) =
2KbT
ζ(L)
(25)
On assuming the rod to be a stack of beads (Shish-Kebab model) and each of which would experience the viscous force according
to Stokes law, one can get the rod length scaling of ζ(Lrod) ∼ I(Lrod) ∼ L3rod ( page no 291-293 of Ref:[6] ). Hence, one
gets the scaling for rotational diffusion constant to be Dr ∼ I(Lrod)−1 ∼ L−3rod. Fig: 4 shows the variation of diffusion constant
of rod with changing rod length when they are immersed in 2dMKA (left) and 3dKA (right) supercooled liquid at different
temperature.
Another check for the scaling of ζ(Lrod) would be to invoke fluctuation- dissipation theorem i.e.
ζ(Lrod) =
1
KbT
∫ ∞
0
〈τ(t′)τ(t′ + t)〉 dt (26)
and check for the rod length dependence of the integral. For delta correlated torques it is just the variance of the torque distribu-
tion on the rod. It has been checked and confirmed in simulations that the integral in the right side of above equation scales like
L3 for large rods. While this scaling doesn’t hold for small rods which is not so difficult to understand because the Langevin
approach would not work if size of Brownian particle is comparable to the liquid particle.
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FIG. 5. Left panel: Evolution of non-normal parameter (α2d or α3d) for rod of different length immersed in 2dMKA (top) and 3dHP (bottom)
model system at temperature T = 0.5 and T = 0.0050 respectively. Centre panel: Time evolution of α2d or α3d for rod of length Lrod = 2.5
and Lrod = 3.10 in model system 2dMKA (top) and 3dHP (bottom) respectively. Right panel: Rod length variation of peak value of NNP (
αP2d or α
P
3d) for rod immersed in 2dMKA (top) and 3dHP (model) at various temperatures.
IV. NON-NORMAL PARAMETER AND DYNAMIC LENGTH SCALE
The Non-Normal parameter (NNP) [ αrot2D(t, T, Lrod) & αrot3D(t, T, Lrod) ] is a measure of fluctuation in diffusion con-
stant felt by rod at time t, immersed in a liquid at temperature T . As already pointed out NNP should be zero for rod immersed
in homogeneous medium, so one should expect the same for rod in high temperature ( or low density) liquid at all times and for
all rod lengths. But in supercooled environment as shown in main text, this NNP would be non zero and will reach a maximum
at time t ∼ τα similar to χ4(t, T ). Thus the peak height can be a good measure of dynamic heterogeneity and its increase with
decreasing temperature confirms that. It is also shown that the peak height (αProt2D & α
P
rot3D) decreases with increasing rod
length because of rod seeing dynamical response of the surrounding medium averaged over the length scale of the rod. A length
scale ξrod(T ) is obtained by scaling the rod length with an appropriate system length scale to obtain a master curve between
αProt2D(T ) or α
P
rot3D(T ) and Lrod/ξrod(T ). The collapse of α
P
rot2D(T ) or α
P
rot3D(T ) for all three model systems (3dKA, 3dHP
and 2dMKA) are presented in main text and the length scales so obtained match very well with dynamic length scales obtained
by traditional methods. The plots of time and rod-length variation of αrod2D(T ) or αrod3D(T ) at different temperatures for
3dKA model are given in main text, while Fig:5 contains same plots for 2dMKA (top panel) and 3dHP model (bottom panel).
V. ROTATIONAL CORRELATION FUNCTION
The lth order orientation correlation function for 2D systems is defined as,
gl(t) = 〈cos[l{θ(t)− θ(0)}]〉
and for 3D systems it is defined as,
gl(t) = 〈Pl(cos[θ(t)])P2(cos[θ(0)])〉
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FIG. 6. Top panel: Second order orientation correlation function g2(t) for rod of length Lrod = 2.5, 3.1&2.5 immersed in 3dKA, 3dHP&
2dmKA (left to right) model systems respectively at different temperatures. Bottom panel: Evolution of g2(t) for rod of various rod-length
immersed in 3dKA, 3dHP& 2dmKA (left to right) model systems at temperatures T = 0.60, 0.0055&0.50 respectively.
. Where Pl denotes the Legendre polynomial of lth order. Both of them starts from g2 = 1 at time t = 0 and approach zero in
the limit of large time. Fig:6 are the rotational correlation functions for all three models. Fig:6 (top panel) shows the temperature
variation of orientation correlation function of fixed length rod and Fig:6 (bottom panel) shows its rod length dependence for
systems at fixed (low) temperature. Two step relaxation can be easily seen in these correlation function indicating again the
effect of supercooling.
VI. FIRST PASSAGE TIME (FPT) DISTRIBUTION
As defined in the main text F (t,±φc) is distribution function for time when rod rotates by an angle φ = ±φc for the first
time in 2D system while starting from φ = 0. In the similar way F (t, θc) is the distribution function for time when rod touches
the cone θ = θc for the first time in 3D system while starting from θ = 0. These can be calculated as a negative derivative of
survival probabilities S(t,±φc) & S(t, θc), which are easy to get after solving for densities ρc(t, φ) and ρc(t, θ) in respective
diffusion equation (Eq:7 for 2D and Eq: 12 for 3D) with appropriate boundary and initial conditions. In the following sections
we present the solution for FPT distributions for 2D and 3D.
2D case: One can check that following is the solution of Eq:7 with two absorbing boundaries at φ = ±φc and φ = 0 as initial
condition.
ρc(φ, t) =
1
φc
∞∑
n=0
cos
(
(2n+ 1)piφ
2φc
)
e
− (2n+1)2pi2
4φ2c
Dt
(27)
Survival probability S(t) can be calculated by integrating probability density ρc(φ, t) over whole φ space at time t, then a
negative derivative with time would give the first passage distribution F (t,±φc).
S(t,±φc) = 4
pi
∞∑
n=0
(−1)n
(2n+ 1)
exp
(
− (2n+ 1)
2pi2Dt
(4φ2c)
)
(28)
10
F (t,±φc) = piD
φ2c
∞∑
n=0
(−1)n(2n+ 1)exp
(
− (2n+ 1)
2pi2Dt
(4φ2c)
)
(29)
Fig:7 (top panel) shows the heat map of ρc(φ, t) (left) and the distribution P (log(t)) (right) where t is first passage time. In
the right panel we have also plotted P (log(t)) obtained from Brownian dynamics simulation as outlined in the main text along
with the exponential decay fit. Survival probability is also plotted in inset of right panel. In the main text we have argued the
following approximate functional form for these FPT distributions.
F (t,±φc) ∝ t−βe−α/te−t/τ (30)
Justification for this comes from small and large time limits of FPT distribution. Because of bounded space, it has to decay
exponentially at large times (See Fig:7 top-left panel) which gives us third term and at small times it should be like normal
Brownian motion which would provide us first two terms (for mathematical arguments refer to main text). In right panel of
Fig:7 (top) we fitted above approximate function with actual solution, the fitting of function seems near perfect suggesting the
correctness of approximate functional form of FPT distribution (Eq:30).
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3D case: Unlike in 2D, getting solution of Eq:12 with absorbing cone at θ = θc is not possible so we turn to numerical solution.
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In Fig: 7 (bottom panel) we present the heat map (left) for ρc(θ, t) and the FPT distribution (right) P (log(t)) with the inset of
survival probability. The same approximate functional form Eq:30 also works for very well in 3D case.
In the main text it is mentioned that shape of the distribution P (log(t)), doesn’t changes with change in diffusion constant,
only mean value of the distribution shifts by −log(D), this can be easily seen in case of 2D by writing P (y) in a following form
while in 3D it has been confirmed numerically,
P (y) =
piDey
φ2c
∞∑
n=0
(−1)n(2n+ 1)exp
(
− (2n+ 1)
2pi2Dey
(4φ2c)
)
=
pie(y+logD)
φ2c
∞∑
n=0
(−1)n(2n+ 1)exp
(
− (2n+ 1)
2pi2e(y+logD)
(4φ2c)
) (31)
Thus, variance, skewness and all other higher order moments of distribution P (log(t)) should be independent of D(T, Lrod)
for homogeneous diffusion and hence independent of rod length and temperature. This becomes the reason of using P (log(t))
to identify the structural changes (manifested in relaxation time) at the length scale of rod with increasing supercooling. Since
diffusion constantD(T, Lrod) ∝ I(Lrod)−1 for a rod of different length immersed in liquid at same temperature, the distribution
P (log(t/I(Lrod))) should be a master curve for that temperature. Thus, deviation from that master curve would be the measure
of structural order at length scale of rod. In the main text Fig:3 are the distribution plots of P (log(t)) and P (log(t/I(Lrod)))
for rod immersed in 3DKA model at different temperature. Same are plotted here for 2DMKA and 3DHP model in Fig:8. One
can clearly see the effect of supercooling appearing in the form of short time shoulder for smaller rods. Thus, skewness of
this distribution ( χFPT = −skewness(P (log(t))) ) qualifies best to capture the structural order at the length scale of rod.
Collapse for χFPT is obtained by scaling the rod length with appropriate length scale ξsrod to obtain master curve between
χFPT (T, Lrod) and Lrod/ξsrod and is presented in main text for 3dKA, 3dHP and 2dmKA models. This obtained structural
or static length scale matches well with the static length scale obtained using traditional methods like PTS method and finite
size scaling of α-relaxation time. Since all experiments measuring the rotational diffusion of single probe molecule are done
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FIG. 9. Left & center panel: Distribution plots of log(t) where t is FPT for rod length Lrod = 4.9) in 3dKA system at different temperatures
(left) and P (log(t/τ(T ))) where τ(T ) is chosen to obtain master curve (center). In the inset of center panel τ(T ) is plotted along with
the Vogel-Fulcher-Tammann (VFT) fit. Right panel: Distribution of log(t/τ(T )) for rod of length Lrod = 2.8 in 3dKA system at different
temperatures, here τ(T ) is same to that of Lrod = 4.9 case chosen to subtract the obvious temperature scaling. In the inset χFPT is plotted to
depict growing structural correlation at the length scale of rod with decreasing temperature.
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FIG. 10. Top-left panel: Temperature dependence of scaling factor τ(T ) fitted with the Vogel-Fulcher-Tammann (VFT) law along with the
temperature dependence of structural relaxation time τα. Other panels: Power law relation between τ(T ) and τα i.e. τ(T ) ∼ τaα , where
a = 1.3 for 3dKA model (top-right) and a = 1.1 for both 3dHP model (bottom-left) and 2dmKA model (bottom-right).
for a fixed length of the probe molecules, we check the temperature dependence of FPT distribution for a fixed rod length. As
argued earlier the skewness of distribution P (log(t)) shouldn’t change with change in temperature for spatially homogeneous
diffusion process, but in supercooled liquid it will show significant changes. For large enough rods this again shouldn’t change
even at low temperatures, because of averaging effect at larger volume. So one can use the temperature scaling obtained by
13
collapsing P (log(t)) of larger rods to subtract the obvious temperature scaling from P (log(t)) for smaller rods to see the effect
of growing structural order. Although it is clear from the value of χFPT without any rescaling. Thus increase in skewness
(χFPT ) of P (log(t)) for a rod of fixed length immersed in a liquid of decreasing temperature would be direct evidence of
growing structural length scale. In Fig:9(left & center) the unscaled and scaled FPT distribution P (log(t)) (scaled with τ(T ))
for rod of length Lrod = 4.9 are shown (3dKA model). The scaling thus obtained τ(T ) is used in Fig: 9(right) for rod of length
Lrod = 2.8 which collapses the large time part of the distributions well and extra small time shoulder is a measure of growing
structure at the length scale of rod. The growth of χFPT with decreasing temperature is shown in the inset of Fig:
9(right) .
In Fig:10, we have shown the temperature dependence of τ(T ). The solid line passing through the data points is a fit using the
Vogel-Fulcher-Tammann (VFT) law defined as τ ∼ τ∞exp[A/(T − TV FT )], which gives good fit to data over a large window
of relaxation time τα in various supercooled liquids. The VFT divergence temperature, TV FT comes out to be T rodV FT ' 0.273
which is very close TV FT ' 0.296 of the host supercooled liquid medium. Moreover τ(T ) and τα are related to each other via
power law see Fig: 10 (top-right & bottom panel), although the power with which both are related doesn’t seems to be universal.
It suggests that the VFT divergence is actually same within error bar. Thus it is clear that rotational correlation time of the
immersed rod can be a very good proxy of the relaxation time of the host liquid medium.
VII. ANALYSIS OF EXISTING EXPERIMENTS
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FIG. 11. Left panel: Distribution of correlation time of gold nano rods immersed in supercooled glycerol at different temperatures. Data taken
from [7]. Right panel: Temperature variation of negative of skewness χFPT (T ) of FPT distribution. One can clearly see that skewness hardly
changes for gold nano rods.
The existing experimental studies [7, 8] also uses the same distribution P (y = log(τR)) where τR is the decorrelation
time of the single dye molecule (∼ 1nm) [8] and gold nano rod (∼ 30nm) [7] immersed in supercooled glycerol at different
temperatures. As argued earlier, if the medium is homogeneous (not supercooled), then the distribution should be same at
different temperatures except the shift in mean. This is clearly not the case for the experiments with dye molecule, and the
appearance of shoulder at small time is clearly visible (see the discussion in main article). For the experiments with nano-rod
which is much larger in size than the dye molecules, the changes in skewness is much smaller Fig:11 in complete accordance
with the simulation results.
VIII. MODEL SYSTEMS
3dKA Model: 3dKA ( 3d-Kob-Anderson ) model [9]is the famous 80:20 binary mixture of A and B type Lennard-Jones
particles. The interaction potential is given by
Vαβ(r) = 4αβ
[(σαβ
r
)12
−
(σαβ
r
)6]
(32)
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where α and β varies in A, B and the interaction strengths and radii are AA = 1.0, AB = 1.5, BB = 0.5; σAA = 1.0,
σBB = 0.88 and σAB = 0.8. The interaction is truncated at r = 2.5σαβ and is made smooth by adding upto 4th order terms.
The simulations are done in temperature range T = 0.45, 1.00 while the pressure is so chosen that the average number density
is, ρ = 1.2 with 5000 particles.
3dHP Model: 3dHP ( 3d Harmonic Potential ) model [10] is a bridge between the finite- temperature glasses and hard-sphere
glasses and is usually studied in context of jamming. It is a 50:50 binary mixture of harmonic spheres with diameter ratio 1.4
and interacting via potential,
Vαβ(r) = 
[
1−
(
rαβ
σαβ
)]2
(33)
for rαβ < σαβ and Vαβ = 0 otherwise, where σαβ =
(σα+σβ)
2 and  = 1. Again as in 3dKA, its pressure is chosen to keep
average number density, ρ = 0.82 with N=5000, while the temperature is varied between {T = 0.0050, 0.0090}
2dMKA: 2dMKA ( 2d Modified Kob-Anderson ) model [11]is the glass forming model in 2 dimensions which have properties
like 3dKA. It is 65:35 binary mixture of same A and B particles of 3dKA model interacting with exactly the same potential and
parameters. Temperature range looked upon for this model is {T = 0.47, 1.50} with N=1000.
Rods: In all of the glass formers mentioned above we have added few (two in 3dKA and one in 3dHP, 2dMKA ) rigid rods made
up of variable number of spheres N , each separated by a fixed distance from the other by a distance of 0.3σAA, where σAA is
the diameter of the largest particle type (A) for 3dKA and 2dmKA models. For 3dHP model we used 0.42σAA. Each sphere in
a rod have same mass and interacts via same potential as parent spheres with σRodSphere = 1, RodSphere = 1, σRodRod = 1
and RodRod = 12 same for all models. RodRod =
1
2 is chosen to avoid the chance of rods sticking together along there length.
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